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Abstract 

We explore vacua of the U{N) gauge model with M = 2 supersymmetry recently 
constructed in hep-th/0409060, In addition to the vacuum previously found with un¬ 
broken U{N) gauge symmetry in which M = 2 supersymmetry is partially broken to 
AA = 1, we find cases in which the gauge symmetry is broken to a product gauge group 

n 

The M = 1 vacua are selected by the requirement of a positive definite 

i=l 

Kahler metric. We obtain the masses of the supermultiplets appearing on the J\f = 1 
vacua. 
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I. Introduction 


This is the sequel to our previous papers DQ and intends to investigate further properties 
of our model arising from an interplay between M = 2 supersymmetry and nonabelian 
gauge symmetry. In ref P], we have successfully constructed the M = 2 supersymmetric 
U{N) gauge model in four spacetime dimensions, generalizing the abelian self-interacting 
model given some time ago in ref [3]. The gauging of U{N) isometry associated with the 
special Kahler geometry, and the discrete fH symmetry are the primary ingredients of our 
construction. The model spontaneously breaks M = 2 supersymmetry to M = 1. The 
second supersymmetry realized on the broken phase acts as an approximate fermionic U{1) 
shift symmetry. This, combined with the notion of prepotential as an input function, tells 
that the model should be interpreted as a low energy effective action (LEEA) designed to 
apply microscopic calculation invoking spectral Riemann surfaces jH Ej, matrix models (see 
jHj for a recent review) and/or string theory[2j to various physical processes. Although we 
will not investigate in this paper, it is interesting to try to find the origin of and the role 
played by the three parameters of our model e, m, and ^ in the developments beginning with 
the work of [Hiiaiini- Connection to various compactification schemes of strings, branes and 
M theoryjTT] is anticipated and some work along this direction has already appeared IQ. 

Partial spontaneous breaking of extended supersymmetries appears not possible from 
the consideration of the algebra among the supercharges. The basic mechanism enabling the 
partial breaking is in fact a modification of the local version of the extended supersymmetry 
algebra by an additional spacetime independent term which forms a matrix with respect to 
extended indices dsnn!: 

{Qi,SZ(x)} = 2(a"US,>r:‘{x) + . ( 1 . 1 ) 

Note that this last term is not a vacuum expectation value but simply follows from the 
algebra of the extended supercurrents and from that the triplet of the auxiliary fields is 
complex undergoing the algebraic constraints of |15j . 

Our model predicts 

CT = +4m^(Ti)d. (1.2) 

Separately, we find that the scalar potential takes a vacuum expectation value 

m = T2mi = 2\mi\. (1.3) 

(See fl4.17|l .l Once these are established, it is easy to see that partial breaking of extended 
supersymmetries is a reality: after ninety degree rotation, the vacuum annihilates half of the 


2 



supercharges while the remaining half takes nonvanishing and in fact inhnite (~ \m^\ J d^x) 
matrix elements. 

The thrust of the present paper is to explore vacua of the model in which the U{N) 
gauge symmetry is spontaneously broken to various product gauge groups and to compute 
the mass spectrum on the A/" = 1 vacua as a function of input data, which are the prepotential 
derivatives and e, m and In the next section, we review the M = 2 supersymmetric U{N) 
gauge model. Analysis of the vacua is given in section III and we determine the vacuum 
expectation value of the auxiliary helds Da- We also collect some properties of the derivatives 
of the prepotential. In section IV, we exhibit the Nambu-Goldstone fermion of the model 
and the M = 1 vacua are selected by the requirement of the positivity of the Kahler metric. 
In section V, we show that the vacua permit various breaking patterns of the U{N) gauge 

N 

group into product gauge groups The “triplet-doublet splitting” at V = 5 is 

i=l 

discussed. Finally in section VI, we compute the masses of the bosons and of the fermions 
of the model and obtain three types of A/" = 1 (on-shell) supermultiplets. In the Appendix, 
we collect some formulas associated with the standard basis of the u{N) Lie algebra. 

It will be appropriate to introduce here notation to label the generators of u{N) Lie 
algebra by indices. A set of u{N) generators is hrst labelled by indices a, b,... = 0,1,... —1. 
Here 0 refers to the overall U{1) generator. In a basis in which the decoupling of U{1) is 
manifest, we label the generators belonging to the maximal Cartan subalgebra by i,j, k,... 
while the generators belonging to the roots (the non-Cartan generators) are labelled by 
r, s,... . In our analysis of vacua, we employ the standard basis of the u{N) Lie algebra. See 
the Appendix for this basis. The diagonal generators in this basis are labelled hj ... and 

are referred to as those in the eigenvalue basis. The non-Cartan generators associated with 
unbroken gauge symmetry are labelled by r', s',... while the remaining non-Cartan generators 
representing broken gauge symmetry are labelled by /r, z/,... . Our physics output, mass 
spectrum of our model only distinguishes the broken generators from the unbroken ones. We 
therefore introduce a,/3, 7, ... as a union of i,j,k, ... and r,s, ... in order to label the entire 
unbroken generators. Our hnal formula will be expressible in terms of a, (3,... and /r, v,... 
only. 


II. Review of the U{N) gauge model 

The AT = 2 U{N) gauge model constructed in [T] is composed of a set of A/" = 1 chiral 
multiplets <F = and a set of A/" = 1 vector multiplets V = V^'ta, where N x N hermitian 
matrices C, (a = 0,... N"^ — 1), generate u{N), [C, U] = ifab^c- These superhelds, <I)“ and V“, 


3 


contain component fields {A°‘, F°‘) and (n^, A“, -D“), respectively. This model is described 

by an analytic fnnction The kinetic term of <h is given by the Kahler potential 

($“, <h*“) = —of the special Kahler geometry as Ck = / (P9‘^d9‘^K{^°‘, 

The Kahler metric gab* = dadb*K{A°‘^ A*°‘) = hivFab admits isometry U{N). The U{N) 
gauging is accomplished PHIIII by adding to Ck Cy which is specihed by the Killing potential 
= —Wabfcd^*^^'^- The kinetic term of V is given as Cy \;2 = —j f d^9^FabyV‘^yV^ + c.c, 
where VV“ is the gauge held strength of This model contains the superpotential term 
Cw = f d9‘^W + c.c with W = eA^^ + mFo, and the Fayet-Iliopoulos D-term Cd = 
as well lEl . Gathering these together, the total Lagrangian of the Af = 2 U{N) model is 
given as 

C = Ck + Cr + C\^2 + Cw + Cd ■ ( 2 - 1 ) 


Eliminating the auxiliary helds by using their equations of motion 

- ig”” (Bj + 2V2^i“) , D‘=, (2.2) 

F‘ = F“-g“‘‘a.Vr, F‘= "-g*”', (2.3) 

the Lagrangian C m takes the following form: 


with 


C 


kin 


c 


pot 


c 


mass 


C — /^kin + C pot + -^Pauli + C mass + 'Cfermi4 , 




pq 


+ 


—TabX’^a^V^X^ -^FabVa^VmrlJ^ + C.C. 


( ^^aOb + esyb - g'^’^^daWdb^W*, 


d^abcdd*W*{rr + A^A") + C.C. 


^ {9ac*y - gbc*kT - V2i5yyabd) rx^ + C.C. 


.2^2 


( 2 . 4 ) 


( 2 . 5 ) 

( 2 . 6 ) 


( 2 . 7 ) 


where we have defined the covariant derivative by 22^4'“ = dm^'‘ ~ ftir tli“ £ 

A“}, and a“„ = The holomorphic Killing vectors ka = ka^db 

are generated by the Killing potential Oa as ka^ = —ig^'^*dc*T)a and = y*'^dc'Oa- Here, 
we have omitted £pauii and £fermi4 as they are irrelevant for our purposes in this paper. 

^Ta = daT and Tab = dadbT 
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In PP, Lagrangians, C and are shown to be invariant under the 91-action, 



and for CJ in addition 


( 2 . 8 ) 


This property guarantees the M = 2 supersymmetry of the model as follows. By construc¬ 
tion, the action, S = J C or f is invariant under the Af = 1 supersymmetry, diS = 0 . 
Operating the 91-action on this equation, one finds 0 = 91hiS'91~^ = 9l5i91“^S'. This implies 
that S is invariant under the second supersymmetry 62 = 915i9l“^ as well in addition to 
the first supersymmetry hi. We have also given in ^ (see Appendix A) a proof of A/” = 2 
supersymmetry of our action, using the canonical transformation acting only on the fields 
without invoking ^ The M = 2 supersymmetry transformations are obtained by 

covariantizing the M = 1 transformations with respect to 91. Using the doublet of fermions 




a 





A/ = , (2.10) 


and the doublet of supersymmetry transformation parameters 


Vi = 






Vj = ^JIV^ , 


( 2 . 11 ) 


where is given by = 621 = 1 and = 612 = — 1 , the M = 2 transformations are 
written as 


( 2 . 12 ) 
( 2 . 13 ) 
, ( 2 . 14 ) 


- V2g^^*db* (£A*° + AlFo*) , 
= (y2ImF“,-y2ReF“,i)“), 

^ = ( 0 , -e, 0 1 = ( 0 , -m, 0 ), 


= V2r)j\^\ 

6v^ = - iXfa^V^ , 

Here, i9“ represent the three-vectors 


5 


( 2 . 16 ) 

( 2 . 16 ) 

( 2 . 17 ) 


and T are the Pauli matrices. Let us also note that 




5“o(-A/2m) 


/0\ 

1 


VO/ 


(2.18) 


This simply follows from (D and also a consequence from the superspace constraints derived 

in [Tn|. 


The construction of the extended supercurrents is somewhat involved as is fully discussed 
in D1 (s ee nnum for this). Nonetheless it is easy to extract the piece contributing to CP 
in the algebra (HH). It comes from the structure of 


T • £>**t • = £)•'’ • D “1 + i (D’’’ X Z)“) ■ x. 


(2.19) 


The second term is nonvanishing only for complex 0“ and this is the piece responsible for 
CP. After using ()2.15j) and ()2.18jl . we derive (II2D. 


III. Analysis of vacua 


Let us examine the scalar potential of the model, V = —£pot, 

r = (/“'’(Is.Sb + yiX + c'aira.ir 


= 9“'’ 

For our present purpose, 

where 


+ da {£A^ + MJ^o) ■ dh* {£A^ + MToY 

O 

it is more useful to convert this expression into 






and 


Db = gbaD" = -V2db* {£A*'^ + = V2 

as well as (ITTHl) . We derive from (EH)- (El, 


= ]gbcda'S’’'S)^+ldagbc^^^^+'^J^abcD*'-D^-^:FabcM6^^^ 

dA^- 4 8 4 2 


( ° ^ 

db*W* 

\ / 


V2, 


= -gbcda'^^'i^'' + -dagh 


' 2 )^ + \dagbc'i^^Ti- + -,J^abcD' ■ b\ 

4 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


(3.5) 
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This is an expression valid in any vacnnm and generalizes the one fonnd in P] (eq.(4.17)) 
for the nnbroken vacnnm. 


In order to examine general vacua, let indices a = (z, r) and i (r) label the (non) Cartan 
generators of u(N) (see the Appendix). We are interested in the vacuum at which (A^) = 0. 
The vacuum condition (Eini) reduces j2] to 

0 = (3.6) 

because = 0. Here and henceforth, we drop the tilde on noting 

that (.D“) = {D'^) as the vacuum expectation value. 

It is more convenient to work on the set of bases (the eigenvalue bases) in which the 
Cartan subalgebra of u{N) is spanned by 

(%)/ = W/- (1=1-A'. j,k = l~N.) (3.7) 


These ti correspond to Hi in the Appendix. Let us introduce a matrix which transforms the 
standard bases labelled by z, j, k of the Cartan generators into the eigenvalue bases labelled 
by hj,k as 


ti = OiHj , (3.8) 

L = Oikj . (3.9) 


This matrix satisfies OAOj^ = 6^ and Oj^Oj- = 6i-. We normalize the standard u{N) Cartan 
generators ti as trititj) = ^6ij, which implies that the overall zz(l) generator is to = 

Let us derive useful relations which will be exploited in what follows. Summing up equation 
(EHl) with respect to z, we find V2Nto = and thus E 0/ = a/T/V^o*- Taking the 

j 3 


trace of (EHD, we obtain 



(3.10) 


Taking the trace of (Hi), we obtain 



° ^ Of. It follows from (Hi with 

3_ 

1 


0 that 

(3.11) 


On the other hand, non-Cartan generators tr are = EE^- in the Appendix. Thus 

$ can be expanded as ^ ¥ti + ^ ^ ^ ^ 

* i hAJAi) 

= ±<f>£. In the Appendix, we explain our notation in some detail. 
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(3.12) 


Let us collect some properties of {Tab) and (Tabc) for the following T\ 

k ^ 


£=0 


We note that the matrix ($) is complex and normal and the eigenvalues A- are in general 
complex. Letting ($) = A-t*, we find that the nonvanishing {Ta^ are 


C, 




1-2 


{T±ij,±i^ — 


d^T 




r) = 




E 


Xi-\i 


2{i-2)\ 


(A^: 


i\e-2 


(3.13) 


(3.14) 


if Ai=Ai 


See the Appendix . These imply that {gab) is diagonal: {g^) oc {grs) oc 6rs and {gir) = 
{g") = 0. In addition, we have {T+ij^+ij) = i.e. {g+ijMj) = (d-ij-ij)- In 

particular we note that, for directions with A- = A^, {T±jj^±jj) = i.e. {g±jj^±jj) = 


\{gi^. For {Tabc), fhe nonvanishing components are 


{Tji) = ^ 


a 




(A^ 


i\e-3 


(3.15) 


{Tk,±^J,±^J) = < ' V (3-16) 

y ^ if X^ = Xl. 

^2{i-3)\ ^ 


Obviously djJ^Tabc-) = {diTabc-)- Finally, we note here remarkable relations 




E 


c, 


( Ai )^-2 _ ( Ai )^-2 _ {Tu) - {T^) . 


2Vm{i-2)\ Ai-Ai 


2v^(Ar - Xi) 


2Vm 


{Tm) 


if A^^Al, 
if Al=Al, 

(3.17) 


which play a key role in the analysis of the mass spectrum. 

Let us return to the vacuum condition (uni). This condition is automatically satisfied 
for a = r because {D"^) = —^/2{g'"^{£6^ + A4jFg^)) = 0. Noting that the only nonvanishing 
second and third derivatives for the Cartan directions are the diagonal ones, namely, Tu and 
T^, the vacuum condition (HEl) reduces to 


T,,,Dl-Dl) = 


with j not summed, 1 < j < A^ . 


0 


(3.18) 


















The points specified by = 0 are not stable vacua because {djdj*V) = 0. At the stable 

vacua, we obtain ■ D^) = 0, or equivalently 


^3 ■ ^3 ) ~ 0 > 


where 


/ 


(A) = 0^{D^) = V2 




V / 


= 72 


/ 0 ^ 

eO,o + 

V “ 


We have determined the vacuum expectation values of the following quantities: 


i9jj} = 


O ° 

T2-, 

m 


{eTiO = -2{eTiO, 


IDA = 2 


Vn 


( ° ^ 

±.i 

v-W 

/ 0 \ 


=7±)> 


ID-- 


3\ — 


m 

Vn 


—I 

v±iy 


= 


(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 


We use ((■■■)) for those vacuum expectation values which are determined as the solutions to 
fj3.18|l . Note that the sign factor ± can be chosen freely for each j. Let AT_|_ be the set chosen 
from 1,..., in which the + sign is chosen in and let A4- be the one in which the — 

sign is chosen. We will see shortly that this determines the number of spontaneously broken 
supersymmetries. As one sees from ()2.5j) . ((Im^F^b)) measures the inverse of the squared 

coupling constant 7—, while ((Re^F^b)) is the 6*-angle of QCD. 
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IV. Partially broken supersymmetry and NG fermions. 

Let us examine the supersymmetry transformation of fermions (j2.14|l . which reduces at 
the vacuum to 


i6\A) = ■ DAAtij . 


(4.1) 


As {D'^'j) = 0, the fermion Aj on the vacuum is invariant under the supersymmetry 


((5V)) = 0. 


(4.2) 
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The Nambu-Goldstone fermion signaling supersymmetry breaking is contained in Ay. For 
SXj, the 2x2 matrix r ■ D- is easily diagonalized as 


^ )» = T^((-D| =F T m) ■ 


(4.3) 


If either Al_ or A1+ is empty, ((-D-)) (j = 1, we have obtained are all identical. 

When Ad- is empty, the matrix r ■ = r ■ is of rank 1, which signals the partial 

supersymmetry breaking: 


A- + ijj- 

A- — ip- 

~7r 


tm\l —{7 ]i-7]2) , 


= 0 


(4.4) 

(4.5) 


In the original Cartan basis, this means that ((5 j)) “ 2imSQ{rii — 772 ) where we have 

used the fact '^^0/ = V2NSq. As we will show in section VI, the fermion :^(A* + 7 /’*) 
i 

are massless while :^(A* — ip^) are massive. Thus, Af = 2 supersymmetry is spontaneously 
broken to A/” = 1 and we obtain the Nambu-Goldstone fermion :^(A° +'ip^) associated with 
the overall U{1) part. The same reasoning holds when A1+ is empty. On the other hand, 
if neither A 1 + nor Ad- is empty, we have two independent rank one matrices r ■ and 
T • d‘'~^ and Af = 2 supersymmetry is spontaneously broken to A/” = 0. Which part of the 
Gartan subalgebra of u{N) contains two Nambu-Goldstone fermions depend upon the type 
of grouping of 1 ~ V into A4+ and Ad . Let i = with f G A4+ and G A4_, then 


A^ + 

A^" - 


= im\l , ((5 


-im\i —(r/i + 7 / 2 ) , 


A^ + fji- 
A^' 

~vr 


= 0, 


= 0 . 


(4.6) 


(4.7) 


As is obvious from the similar analysis given in section VI, the fermions, + t/’") 

and — t/’-”), are massless and contain two Nambu-Goldstone fermions of A/” = 2 

supersymmetry broken to A/” = 0. 

We comment on the vacuum value of the scalar potential V. For the Af = 1 vacua, we 
have 


= T2mf, (4.8) 

where the =F signs correspond respectively to the cases Vi G Ad±. For the Af = 0 vacua, on 
the other hand, we have 


= —2mf— (ord(A4H 


ord(A4_)) , 


(4.9) 
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where ord(Al±) is the number of elements of Al±. 

We now impose the positivity criterion of the Kahler metric to select the physical vacua. 
For the M = 1 vacua, this criterion requires 

(((?,,)) = ^2^ > 0. (4.10) 

“ m 

Depending upon ^ ^ 0, we must choose either one of the two possibilities discussed above. 
For the A/” = 0 vacua, however, the Kahler metric cannot be positive dehnite, causing 
unconventional signs for the kinetic term. The A/” = 0 vacua are regarded as unphysical. 

In the subsequent sections, we will analyse the A/” = 1 vacua. We summarize some of the 
properties here in the original bases. 


{Da)) 


K'lm = s:oHd,} = 

j 



h„°((D>o)) . (4.11) 


Recalling daW = + mJ^ao, we see 


((•^ao)) = 5/((^00)) , igao)) = 5.°((<70o)) • (4.12) 

Hence 

0 = {{Dl-Dl)) = 2{{{doWf + e)) = 2{e + m{{J^oo))f + 2e, (4.13) 


((•^oo)) = 


(4,14) 

\m 

m j 

((ReAko)) = 

e 

m’ 



(4.15) 

((l7oo)) = 

m 

m 


(4.16) 


After exhausting all possibilities, we conclude that partial spontaneous supersymmetry 
breaking takes place in the overall U{1) sector. As for ((V)), we obtain 


((V)) = T2m^ = 2\m^\. 


(4.17) 


V. Gauge symmetry breaking 

Following the analysis of the vacua of our model, we turn to spontaneous breaking of 
gauge symmetry. 
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Let us recall that with the generic prepotential the vacuum condition is given by 

(EH}: 


{{ru} + 2c = 0, 


(5.1) 


with 


k=degj^ 

= C 2 + C 3 X- + ^4—(A-)^ + + ■ ■ ■ . (5.2) 

Here, we have introduced a complex parameter 

C = — ±i—. (5.3) 

m m 

Eq. (j5.1|l is an algebraic equation for A- with degree deg JF — 2 = fc — 2 and provides k — 2 
complex roots denoted by £ = 1 ~ fc — 2. Thus each A- is determined to be one of 

these k — 2 complex roots. As is well-known, this defines a grouping of N eigenvalues into 
k — 2 sets and hence determines a breaking pattern of U{N) gauge symmetry into a product 

k-2 k-2 

gauge group U{Ni) with ^ Ni = N: 




\ 


A(i,±) 

A{2,±) 


((4) 


A(2,±) 


(5.4) 


y{fc-2,±) 


\{k-2,±) 


In fact, as we will see in the next section, are massless if ta G {ta \ [ta, ((A))] = 0 } while 
are massive if G {ta \ [ta, ((A))] 7 ^ 0}. The massless v'^ contain gauge helds of unbroken 
J^17(A^j) and the superpartner of the Nambu-Goldstone fermion lies in the overall 17(1) 

i 

part. We introduce 


= dimP[t/(Al,). 


(5.5) 







Let us, as a warm up, work out the case N = 2 and the case N = 3. 


1) N = 2: there are two distinct cases for ((A)) 


i) 


A(±) 0 \ 

0 AW 


ii) 


A(±) 0 

0 A'(^) 


with A^^) ^ A'^^\ 


(5.6) 


The diagonal entries of (15.61) are chosen from £ = 1 ~ A; — 2. In respective cases, 

M = 2 supersymmetry and U{2) gauge symmetry are broken respectively to i) A/” = 1, U{2) 


2) N = 3: 


111 


Af=l, 17(1) X 

U{1). 

/ A(±) 

0 

0 ^ 


0 

A(±) 

0 

V 

0 

0 

A(±) 


/ A(±) 

0 

0 


0 

a7±) 

0 


V 0 

0 

A"(±) 
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/ A(±) 0 0 \ 

0 A(±) 0 


with aW ^ 


\ 0 0 A'(^) 

with A^^) ^ ^ ^ A^^), 


and the unbroken symmetries are respectively i) A/” = 1, U{3) unbroken, ii) J\f = 1, U{2) x 
U{1), hi) A/” = 1, 17(1) X U{1) X f/(l). 

This pattern of symmetry breaking persists at general N. Let m± = ord(A4±), namely, 
the number of elements of AT±. Because either m_|_ = 0 or m_ = 0, the unbroken symmetries 

n 

are A/” = 1, as is established in the last section, and the product gauge groups U{Ni) with 

i=l 

n < k — 2, N. 

Let us hnally discuss the condition under which zero eigenvalues of (A) emerge. This 
condition is simply 


(72 ± 2C = 0 , 


(5.7) 


as is read off from eqs. (ED) and (in3). The complex coefficients Ci are to be determined 
from underlying microscopic theory and eq. m tells that we can always hnetune the single 
complex parameter ( to obtain the zero eigenvalues. When Ah is an even function of A-, the 
condition means that eq. (EH) has a double root. As a prototypical example, let be even 
and k = 6. The roots are 


A^ 



-f ±7(7)"-4-f(C2 + 2c) 

9 . Q&. 

^ 4! 


(5.8) 
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When eq. (EH) is satisfied, one of the two pairs of complex roots coalesces and indeed develops 
into zero consisting of a double root. This could be exploited to realize the “triplet-doublet 
splitting” at iV = 5 in the context of SU{5) M = 1 SGUT. In the vacuum in which U{b) 
is broken to f/(3) x 17(2) (or SU{5) to SU{3) x SU{2) x 17(1), the standard model gauge 
group), we are able to obtain 


(^) 


/ A 


0 \ 


0 / 


in the case in which degeneration of eigenvalues is favored. 


(5.9) 


VI. Mass spectrum 


We examine the mass spectrum for the M = 1 vacua for which Vi G Ad±. 


A. Fermion mass spectrum 

In this subsection, we compute the fermion masses. We examine the fermion mass term dZID 
for and A“ 

- + A“A') + ^ (^gac*K'^ - V-^A' . (6.1) 

The first term in dniH) becomes 


-+ A*A^) -+ A’^A^) , 
because {{da*W*)) = 5^*,{{di*W*)) and {{J^ijr} = 0. The second term in (jb.lj) reduces to 


( 6 . 2 ) 


- + ^{{g.tf'„A'‘))(ry - ry) - (e.s) 

as igac*kl^))V>^^ = ((^ac*/AV*))?/^“A” = ■ We have used= fkS^{{A*^)) 

in the last equality. We thus conclude that the mass terms of the fermions with i index are 
decoupled from those of the fermions with r index. 


From (EH and EH, the mass term for the Xj in the eigenvalue basis is written as 


\X-\Mi^\-j with 


2s/2 


((.%))(t.((£>^))) . (6.4) 
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It is easy to show that the mass term becomes of the form 

+ *C|»({^a»(A4 + #)“ + ^- *D|))({^a))(AS - . (6.5) 

Noting that for the Af = 1 vacua, Wi G Ad±, 

777 

((D|T^D|}} = 2^^, ((D|±^D|}} = 0, ( 6 . 6 ) 

we hnd that fermions ;^(A-± '0-) are massless while fermions t/’“) are massive with 

mass after using (Id.111) . Here g- comes from the normalization of the kinetic 

term. 


1 

2 


On the other hand, it follows from (EH and Q that the mass term of Aj is written as 
y^(Mrs)/A} with 


(Mrs)/ 


TrUrs + 


TTlr 


±mrs + fn' 


(6.7) 


mrs = —Minors)) , Ks = ^ {idtr} 1^/*' “ {{gts} fri/*-) ■ ( 6 - 8 ) 

It is convenient to express the index r as a union of the two indices r' and fi such that 
tr' G {tr I [tr, ((^))] = 0} and G {tr I [tr, ((^))] 7^ 0}. Siucc [t^, ((H))] belongs to {t/ and 
((fi'si)) is diagonal, is nonvanishing only for m'^^. On the other hand, rrirs is nonvanishing 
onlv for as = 0. This last eoualitv is oroven from (Id. 17(1 and (EU by 


nr i^3j) _ —2^ — (—2C) _ 

•iJ-o.±,j.±ij}} - ~ 2y^(Ai- Ai) “ 


(6.9) 


Thus, we hnd that the mass term decouples from the Aj mass term. The A^ mass term 
can be easily diagonalized as was done for Xj, and we hnd that -^(M' ± ijj''') are massless 
and -^(M' are massive with mass \m([g'^''^'} Combining the result on A^ with 

that on Aj and letting a = iUr' namely ta G {ta \ [ta, ((^d))] = 0}, we hnd that :^(A" ± V’“) 
are massless while :^(A“ T'0“) are massive with mass |m((5f""))((jFooa))|- 


Finally, we examine the mass of Aj. Denoting with A- ^ A^ by for short, we 
hnd that m/ is nonvanishing only for since [((H)),cx (See the 

Appendix.) In these indices, the X/ mass term is written as 

/ \ J 


-A^+^ 


2 m', 


fi+fi- 

0 


2m' 




( 6 . 10 ) 


/A+M- 


The summation is implied only for either one of the two indices or /i_, and it is over half of 
the broken generators. This implies that A^ has mass \g''''Tn'^^\ = \ l/((jA*-| 

where we have used the fact (( 5 '/.+^+)) = ((s'm-m-)) f//*- = 
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B. Boson mass spectrum 

In order to obtain the boson masses of our model, we evaluate the second variation of the 


scalar potential on the vacuum ((5(5V)). Recall that 

V = V 1 + V 2 , (6.11) 

Vi = (6.12) 

O 

V2 = g^^ie^a^h'^ + daWd.w*) 

= + e^)5'“ + rn^gm + 2me(ReJ^ofe)fi'“ + m^(ReJ^ 06 )fi'^''ReJ^ 0 c • (6.13) 

Let us hrst compute (((55Vi)). From ((2D“)) = 0 and ((R“)) = we obtain 

((5D“)) = 5\{{5^n), (6.14) 


{{6^^} = {{6^T = ((-.)4A*1, (+0/pl) j ^ (6.15) 

Here /j)^ is the structure constant of the u{N) Lie algebra which is read off from the Appendix. 
For given fi specihed by a pair of indices (fc,/), l<k<l<N,jlis uniquely determined 
and vice versa and the summation over j reduces to that oi j = k and j = L We obtain 

{(MV,» = i ^((iS'‘»fc;.»((iS'‘». (6.16) 

A 

The summation over jl is for directions of the broken generators. 

In order to separate the N'^ — du Nambu-Goldstone zero modes (one mode for each /i), 
we introduce the following projector of a 2 x 2 matrix as a diad for each /i: 

n ^ ^ ■ (h>^K ((/xV)t.)‘. ( 6 . 17 ) 

IK/iV^IP ^ ^ 

where 

iichAKit = 

= 2|4a1|^ (6.18) 

We express {{SD^} as 

iSm = ((FWt)’. . (6.19) 
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The mode orthogonal to is the one belonging to the zero eigenvalne for each /r 

in eq. (jti.lti|) and is absorbed into the longitndinal components of the corresponding gauge 
fields. It is given by 

(I 2 - V%)5A^, (6.20) 

with 

‘■■’'•■jnaFl ft 

Substituting (IFTTHl) into (I6.16|) . we obtain 

((^W)) = \ X]{(9s^»l/i;v|= ■ [v%Ia^) . (6.22) 

A 

Let us turn our attention to (((55V2)). 

5V2 = -{e + e^){9-^599-T + ^\^9)oo 

+2me(5ReJ^06)5'“ - 2me(ReJo6)(5'“^^5'5'“^)“ 

+2m^((5ReJ’ob)5'^''ReJ^oc - • (6.23) 

It is easy to check (( 5 V 2 )) = 0, as it should be, from the properties ()4.14D - (l4.16j) listed in the 
end of section ITvl It is straightforward to carry out one more variation, which we will not 
spell out here. Again from (I4.14I1 - (I4.16I1 . we obtain 

((55V2)) = 2m^i6nc}i9^W:Fo,} 

= 2m^SA*-{{J^U)i9n{{J^oaaPA- • (6.24) 

In deriving the last line, we have used eq. (ESD derived in the preceding subsection. 

Combining the two calculations and (Ol) . we can read off the mass formula of the 

scalar bosons from ((55V)) = ((55Vi)) + (( 55 V 2 )). The scalar masses arising from the directions 
of the unbroken generators are given by |m(( 5 f"“))((jFoQQ,))|. Here, we have interpreted ((( 7 "“)) 
as a factor due to the normalization of the kinetic term. The scalar masses arising from the 
directions of the broken generators are given by after the normalization we just 

discussed. Finally we read off the mass of the massive gauge bosons from — ((£kin))- 

= jEl/V-lV-"'"- (6-25) 
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The mass is given by 

We summarize the spectrum of the bosons and the fermions by the following table: 



held 

mass 

label 

of polarization states 


a 

0 

A 

2du 


< 

72 

C 

3(iV2 - dj 


± V'“) 

0 

A 

2du 



|m((^““))((A’o«a))| 

B 

2du 


K 


C 

4(iV2 - du) 


A« 


B 

2du 


p^A^ 


C 

N‘^-du 


We hnd the following supermultiplets. First, we consider the massless particles associated 
with ±'?/’“) and These are labelled as A in the table. These form massless J\f = 1 

vector multiplets of spin (1/2,1), in which the Nambu-Goldstone vector multiplet is contained 
in the overall U{1) part. Second, massive particles labelled as B, which are associated with 
^(A" =F and A", have masses given by These form massive J\f = 1 

chiral multiplets of spin (0,1/2). Finally, we consider massive particles labelled as C. The 
zero modes of are absorbed into as the longitudinal modes to form massive vector 
helds. These form two massive multiplets of spin (0,1/2,1) with the massive modes of 
and Aj. The masses of these supermultiplets are given by ^ 

In the following figure, the masses of the three types of A/” = 1 supermultiplets are 
schematically drawn. 
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Appendix 

Let Ejj, i,j = 1, ...,iV, be the fundamental matrix, which has 1 at the (i, j)-component 
and 0 otherwise. Cartan generators of u{N) are Hi = E^, which are denoted as U in section 


3. Non-Cartan generators can be written as 

~ ^li = 25 ^ii ~ ~^ii ~ ~ ’ i 7^ J > (^-1) 

which are normalized as tr(i7^)^ = |. Commutation relations are 

IH,,E%] = + %£)!, (A,2) 

[^iji + 2i(Sji£'^ ± 2i(S^£',^ , (A.3) 

[SyBa = -2%(BJ+ &//,)-2'%(£); + 

+2i5,j{El + faff,) + 2ifa(Ba + ■ (A.4) 

By introducing the vacuum expectation value (<h) = ARj, it follows that 

\E%{A)] = [ffyAWJ = T!(Ai-A^)ffJ, (A.5) 


In the text, E^f, are denoted as H when \i = A- while when \i ^ A-. Explicitly, <1> = 
is expanded as follows: 


$ = , 

¥ti = ^Hi , , 
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a 


Let JF be JF = tr then (jF^j^) are evaluated as 




E 77#Tv E tr(i/Ai/iffj-)(AiY'(Ai') 

£ ^ '' i'=0 


i'=0 

£-2 


l-2-l' 




E77F™%(^‘) 


£-2 




d’^T 


(A.7) 




r-2 


(Ai ^ Ai : broken) 


t-2-V 


= 


2(7-1)! Ai-Ai 


E 


c. 


2(7-2)! 


(A^)^ 


(A- = A2 : unbroken) 


(A.8) 


and the others vanish. We have used and 



= -{Sik^ji ± 5ii5jk){Hi + Hj) + non-Cartan generators , 

(A.9) 


= ±-((5iA:<^iz A Sii6jk){Hi — Hj) + non-Cartan generators 

(A.IO) 


in the calculation. 
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